In this article we give a purely topological characterization for a topology 3 on a set X to be the order topology with respect to some linear order R on X, as follows. A topology 3 on a set X is an order topology iff (X, 3) is a TVspace and 3 is the least upper bound of two minimal 7Vtopologies [Theorem 1 ]. From this we deduce a purely topological description of the usual topology on the set of all real numbers. That is, a topological space (X, 3) is homeomorphic to the reals with the usual topology iff (X, 3) is a connected, separable, 7Vspace, and 3 is the least upper bound of two noncompact minimal TVtopologies [Theorem 2]. Received by the editors March 21,1970. A MS 1969 subject classifications. Primary 5456; Secondary 0630.
1. Introduction. The concept of the order topology on a linearly ordered set goes back at least to Haar and König (1911) and is the following: Definition 1. A topology 3 on a set X is an order topology on X iff there is a linear order A on X such that the sets of the forms {y'.y < x} and [y'-x < y), where xEX, form a subbase for 3.
In this definition and in what follows, we use the convention that, if A is a pre-order relation and (a, b)ER, we may also write a^b. If, in addition, a¿¿b, we writea<£>. The symbol a 2ïè means, technically, that (a, ô)GA-1, where A-1= {(x, y):(y, x)GAJ, and a>b is defined similarly. Whenever it is desirable to emphasize the particular relation A, we will write a^Rb and do likewise for the other three symbols.
There have been, historically, several topological characterizations of intervals in the real line, which are in the same spirit as our Theorem 2. Sierpinski (1917) , Hausdorff (1927) 2. Proof of Theorem 1. We first give a brief description of the lattice structure on the set of topologies on a set X and then prove two lemmas.
The set, 2, of all topologies on a fixed set X forms a lattice when ordered by set inclusion. For any two topologies 3i and 32 on X, the least upper bound, 3iV32, is the smallest topology containing 3iU32, and is not, in general, 3iW32. However, if (S>i and (B2 are bases for 3i and 32, respectively, then û3AJ(B2 is a subbase for 3iV3s and {Bif^B2:BiE<$>i and 732Gû32} is a base for 3iV32.
With each topology 3G2, it is possible to associate a relation R3 defined by (a, b)ERs iff every open set containing b contains a. It is clear that P3 is always reflexive and transitive and hence a pre-order relation. Ore in his paper of 1943 defined such a relation for each closure operator (not necessarily topological) on X. In this more general context, he also proved the first part of Lemma 1 [9, p. 763 ].
In fact, the function <P 3-» Pa is an order "antihomomorphism," because 3iC32=i'P31DP32. Steiner [l3, p. 383] has shown that, when restricted to the principal topologies on X, <p is actually a lattice anti-isomorphism.
This same <p, when restricted to minimal TVtopologies on X, describes a 1-1 correspondence between the minimal Po-topologies on X and the linear order relations on X (see Lemma 2) and provides the basis for the proof of Theorem 1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Lemma 1. If S is any topology on X, then (i) 3 is To iff Pa is a partial order, and (ii) 3 is nested iff R3 is such that, for all a, bEX, (a, b)ERs or (b, a)ERi.
Proof, (i) If 3 is T0, then, whenever (x, y)ERz and (y, x)ER3, x must equal y, because every neighborhood of y contains x and every neighborhood of x contains y. Thus P3 is antisymmetric and a partial order.
If P3 is a partial order, suppose x and y are distinct points of X and that every neighborhood of x contains y. That is, (y, x)£Pa and X5¿y. Therefore, since P3 is a partial order, (x, y)E.Rz and there is a neighborhood N" of y such that xENv. iX, Aa,), which must therefore be 3.
3. Proof of Theorem 2. Our characterization of the reals hinges on two well-known ideas: first of all, on the correspondence between order and topological properties of ordered spaces, and secondly, on the characterization of the natural order on the reals developed by Cantor and Hausdorff. We adopt the following definitions of some common order properties: Definition 2. Let A be a linear order on X. Then (i) iX, R) is complete iff every subset of X bounded above has a least upper bound;
(ii) ACA is dense in (A", R) iff whenever x <sy there is an element zG-<4 such that x<sZ<Ky;
(hi) (A, A) is dense iff X is dense in (A", A).
The following relations between these order properties and the corresponding order topologies are well known : Theorem B. If Ris a linear order on X and 3 is the associated order topology, then (A, 3) is connected iff (A, R) is complete and dense.
Theorem C. If Ris a dense linear order on X and 3 is the associated order topology, then (A, 3) is separable iff (A, A) has a countable dense subset.
Eilenberg in 1941 [2, p. 40] showed that if the order topology associated with (A, A) is connected, then (A, A) is dense and complete. The actual characterization (Theorem B) appears in Murty [8, p. 157 , 3) is homeomorphic to the reals with the usual topology iff (X, 3) is a connected, separable, Ti-space, and 3 is the least upper bound of two noncompact minimal To-topologies.
Proof. Let (R, 11) be the reals with the usual topology and let R be the usual order on R.
If (X, 3) is homeomorphic to (R, 11), we may assume that (X, 3) = (R, 11). Certainly, (R, 11) is connected, separable, and Pi. By Theorem 1, since 11 is the order topology associated with R, 11 = 3iV32 where 3i and 32 are minimal To-topologies. Furthermore, by the construction of 3i and 32 in the proof of Theorem 1, it is clear that neither 3i nor 32 is compact.
Conversely, suppose that (X, 3) is a connected, separable, Pi-space and that 3 is the least upper bound of two noncompact minimal T0topologies, 3i and 32. Let S = R^1 be the order associated with 3i.
Then 5 is linear and R^ = S~1 by the proof of Theorem 1. Also by Theorem 1, 3 is the order topology on X associated with S. By Theorem B, since (X, 3) is connected, (X, S) is complete and dense. Then, since (X, 3) is also separable, (X, S) has a countable dense subset by Theorem C. If (X, S) had a greatest element b and 61 were any open cover of A, then we would have bEAbior some AbEG*. But then (x, b)ES for all xEX=$xEAb for all xEX, by definition of 5. Thus Ab = X and {Ab} would be a finite subcover, which is a contradiction. Therefore, (X, S) has no greatest element. In like manner, (X, 5_1) has no greatest element. That is, (X, S) has no greatest and no least element. In summary, (X, S) is a complete linear order with no greatest or least element and X has a countable subset dense in (X, S). Thus (X, S) is order isomorphic to (R, R) by Theorem D.
But since (X, 3) and (R, 11) are just the order topologies on X and R associated with 5 and P, respectively, it is clear that (X, 3) is homeomorphic to (Pi, 11).
